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ABSTRACT. From 1st January 2002 we have the unique possibility to
follow the spread of national euro coins over the different European coun-
tries. We model and analyse this movement and estimate the time it will
take before on average half the coins in our wallet will be foreign.
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1. Introduction

On January 1, 2002 a total of 12 European countries replaced their
national currencies with the euro. These coins are not identical, one side
of each of the 8 denominations of coins differs from country to country,
and as people travel these coins mix. The national banks have decided
that no redistribution will take place, and therefore it is expected that
in the long run a close to perfect mixture of coins will take place. In
this paper we analyse this problem and come up with a mathematical
model for the movement of coins that enables us to estimate the speed
at which this process will occur. This speed strongly depends on the
value of certain parameters that are hard to estimate and for this reason
we have to be careful with conclusions. However we estimate that it will
take around 12 months before roughly half of all coins in Dutch wallets
will be foreign.

Our other main conclusions are:

e Markov chains are the obvious models to model the movement of
euro coins,

e Continuous models are the natural approximation of these,

e The data on the Euro Diffusion web site are unreliable and must
be used for parameter estimations only with care.

In this paper each section or subsection is marked with a number of
stars to indicate approximate level of difficulty:

* means that the section can be understood without effort,
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** means that the section contains mathematics which is explained

very gently,

means that the section would be accessible to anyone who has done
a little university level mathematics, or who is prepared to work a
bit more at understanding.

*3k %

2. Basic facts*

The euro was introduced in 12 European countries at the beginning
of 2002. A total of 64.9 gigacoins (1 GC = 1 000 000 000 coins) were
made, of which 3.3 GC are Dutch, but not all these coins were brought
into circulation right away: in Holland 1.6 GC were put into the market
on 1st January 2002. The number of coins made by each country is
not in proportion with the population: e.g., France made around 190
coins per person, Germany 280, and Holland 200. The reason for these
differences is unknown and is part of the policy of each national bank.

New coins are still being brought into circulation after the intro-
duction of the euro, mainly to compensate for savings and wastage. At
the end of 2001 all money-boxes were emptied of their national curren-
cies, and now they are slowly being filled again with euros. The Dutch
national bank (DNB) expects that this will require about 100 MC per
month in the Netherlands. The amount of coins saved is eventually ex-
pected to equal the amount in active circulation; in the guilder age it
was estimated that 1.5 GC out of a total of 3.0 GC were saved. Wastage
is considerably less: in the guilder age it was about 50 to 100 MC per
year, largely due to loss (people dropping coins, etc.) and coins going
abroad forever. We think that wastage will be a little less as tourists
from other countries can also use the Dutch euro coins in other Euro-
pean countries, and therefore 60 MC, 5 MC per month, seems to be a
reasonable estimate of this type of loss. The fact that there are new
coins brought into circulation will mean that the mix will never be per-
fect, but as the waste is tiny compared to the total number of coins in
circulation, this effect will be small.

A new effect, which is hard to estimate, is the collection of euro
coins. Collection used to be an effect of negligible size; but nowadays
many people seem to collect foreign euro coins. The size of this effect
and when these coins will be brought into active circulation again are
difficult to estimate.

When counting the number of coins in our wallets, we usually find
10 to 20 coins, and this is confirmed by a study from DNB which shows
that we carry on average 15 coins. However, per person 100 coins were
brought into circulation. The remaining 85% of all coins can be found
at check-outs in shops and at banks. This may imply that movement of
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the euro coins will be relatively slow: only 15% of all coins can be taken
abroad at any one time! For example, suppose that 2/3 of the Dutch
population go abroad during the summer holidays, and assume that af-
ter their foreign visits their coins are representative of the coin mixture
in the country they visited (which will certainly contain a (small) per-
centage Dutch coins!). This replaces only 10% of all Dutch coins with
(mainly) foreign coins.

People travelling and taking their coins abroad is not the only pos-
sible reason for the spread of euro coins. Another is the possibility that
Dutch banks will buy euro coins from somewhere other than DNB, which
might be cheaper, for example, if a depot of the Belgian or German na-
tional bank is closer to the particular Dutch bank. The effects of this
and how national banks will react to it are difficult to predict; nobody
knows if it will occur and to which extent. This effect might even create
an imbalance between the quantities of coins in a country: there might
be a net flow of coins in or out a country.

3. Data

3.1. Observations*. To fit the parameters in our model, we use
the data gathered in the web-site

http://www.wiskgenoot.nl/eurodiffusie/
which is built up by voluntary observations, mainly from different parts
of the Netherlands and Flemish Belgium, and from a few points else-
where. Each data point consists of the date and locale, and the number
of coins the correspondent has, along with the breakdown according to
denominations and countries of origin. Various summaries are available
on the web-site.

We summarise the observations for the percentage of 1-euro coins in
the Netherlands in Table 1.

t nl be de fi fr gr ie it 1lu os pt es #no.
190.9 1.1 4.2 0.0 1.1 0.0 0.0 1.1 0.3 0.0 0.3 0.8 353
284.7 3.6 4.4 0.0 2.9 1.7 0.4 0.1 0.3 1.0 0.0 0.8 724
382.7 5.2 5.1 0.2 3.6 0.0 0.1 1.0 0.7 0.6 0.0 0.8 1186
4 8.2 2.8 4.7 0.2 2.3 0.2 0.2 1.1 0.1 2.2 0.2 0.6 3524
580.6 5.5 5.7 0.2 4.3 0.0 0.0 1.0 0.1 1.3 0.2 0.9 976
6 76.3 5.8 8.9 0.1 3.3 0.2 0.5 1.6 0.0 2.5 0.2 1.7 1260
779.4 5.4 6.9 0.2 2.5 0.1 0.4 1.2 0.4 2.2 0.2 1.2 3977
8 74.7 10.3 5.4 0.1 3.7 0.3 0.1 1.1 0.5 1.9 0.6 1.3 874
9 8.0 5.6 7.1 0.4 1.9 0.6 0.4 1.2 0.0 1.3 0.4 1.2 520
TABLE 1. Percentage of 1-euro coins of various types in the Netherlands

Here line 1 corresponds to an average over the first ten days in Janu-
ary and so on; the countries are labelled by their internet abbreviations;
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the last column is the total number of coins counted, to provide some
indications of the error. Similarly we see the number of 1-euro coins for
Belgium in Table 2.

t nl be de fi fr gr die it 1lu os pt es #no
1 0.094.6 2.7 0.0 2.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 37
2 5.38.8 1.9 0.0 1.9 0.0 0.0 0.3 0.6 0.0 0.0 0.3 323
3 5.187.6 1.8 0.1 3.3 0.1 0.0 0.6 0.3 0.5 0.0 0.4 930
4 5.48.7 2.5 0.1 3.4 0.0 0.0 0.6 0.6 0.8 0.1 0.6 4045
5 5.174.2 4.5 0.3 10.3 0.1 0.3 1.2 1.5 1.4 0.0 1.3 1027
6 6.774.4 4.9 0.1 7.3 0.0 0.2 1.5 1.0 2.5 0.2 1.2 2275
7 6.875.9 4.4 0.1 6.3 0.2 0.2 1.7 1.8 1.3 0.1 1.2 4263
8 5.782.6 3.0 0.4 3.1 0.1 0.4 1.2 0.6 0.4 0.1 2.3 1376
9 5.277.2 3.2 0.0 5.5 0.0 0.8 1.5 1.2 0.2 0.0 5.0 400
TABLE 2. Percentage of 1-euro coins of various types in Belgium

In Figure 1, we plot the percentages of local coins in the Netherlands
and Belgium, with the horizontal axis being the time in days.
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FIGURE 1. Percentage of local coins in the Netherlands and
Belgium over the first 85 days

Although a general downward trend can be seen for both curves,
the size of the fluctuations is rather puzzling, considering the fact that
the numbers of coins counted are quite large (corresponding to hundreds
or thousands of people). A similar irregular behaviour is also observed
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when the data is restricted to smaller areas (e.g., greater Utrecht or
Brussels).
We make a couple of observations about the data:

0. Not surprisingly, the percentage of local coins at any given location
tend to decrease over time. On February 1, these numbers are 91% for
the Netherlands and 89% for Belgium (averaged over all denominations);
the corresponding figures are 87% and 81%, respectively, for March 1.
A possibly more illuminating example is the case of Luxembourg: *72%
of coins are (still) of local origin on February 1, and *68% on March
1 (data is from the Euro Diffusion web-site, asterisks denote possible
inaccuracies.) This suggests that the mixing process is likely to take
several years.

1. The observed data for the Netherlands and Belgium tell us that coins
of different denominations mix at different rates. At any given time, the
percentage of foreign coins is higher the higher the denomination is: In
the Netherlands on March 1, only 8.3% of the 1-cent coins are of foreign
origin; for 10c it is 11.7%, and for 2-euro it is 19.6%.

2. Data for the Netherlands and Belgium show apparently anomalously
large proportions of Austrian coins, being 2.3% and 1.7% on March 1
(well on its way to the long-time limit of 3.1%). Data from the Canary
Islands (Spain) and Creta (Greece) show that foreign coins are almost
exclusively German. These suggest that there are considerable variations
in the travel habits of people from different countries; one may attempt
to determine certain aspects of these in addition to the questions posed
above.

The fluctuation in the data may be partially explained by the fact
that at the Euro Diffusion web site everybody on the Internet can en-
ter measurements of the number of different euro coins in their wallets.
For this reason there is no guarantee that these measurements represent
the real situation: the selection of people is probably biased and the
moments at which they enter data might be strongly biased (e.g., some-
body enters data when he has something to tell, i.e., he has some “rare”
coins in his wallet!). The extent to which these biases corrupt the data
is difficult to measure without further study, so to get some feeling for
it we did some counts ourselves during the workshop. The results can
be found in Table 3.

As an alternative we tried to get the, in our opinion, most reliable
data from the web site. We looked for unique “eurometers”, with mul-
tiple participants, that have entered data three times. The results can
be found in Table 4.

It is surprising to see that, also in the measurements considered to
be reliable, there is a high variability in outcome, despite the size of
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Who/where date NL B other

countries

Lunch 19 Feb | 293/93.1% | 12/3.8% | 10/3.1%
(Amsterdam)

Lorna’s Students | 20 Feb | 125/98.4% | 2/1.6% | 0/0.0%
(Utrecht)

Check-out 20 Feb | 233/94.7% | 3/1.2% | 10/4.1%

K.d.V. Inst. (A’dam)

TABLE 3. Measurements during the SWI workshop in Febru-
ary 2002

Eurometer dates percentages NL
46 (Rotterdam) 18/1, 31/1, 8/2 98, 96, 98
167 (Utrecht) 21/1, 11/2, 18/2 95, 98, 96
510 (Hengelo (O)) | 15/1, 24/1, 1/2 96, 92, 91
TABLE 4. Selected measurements from Euro Diffusion database

the measurements. This suggests that the measurements come from
different distributions.

4. A First Estimate™*

To come to an estimate of the whereabouts of coins on 1st February
we assume that diffusion is approximately linear during January and
February. Thus the measurements at Feb 19 and 20 of Table 3 should
be multiplied by roughly 3/5 to find an estimate for the end of January.
For the measurements in Table 4 similar factors are used. This gives
the following estimate (numbers correspond to own measurements and
“reliable” eurometers, respectively):

3 3 3 3 3
(23) [5(6.9+1.6+5.3) FS2H A T24 S5+ J2

§4+2 x4+§8+9]/12:::4.6

This result is also unreliable, and biased by the high number of non-
Dutch euros measured by eurometer 510, therefore as a first estimate
we took 4% diffusion per month. This has to be verified during later
months, although even the March 1 measurement will be disturbed by
the influence of the February holidays.

Note that we assumed that the percentage of foreign coins equals
the rate at which the coins move between the Netherlands and abroad,
which is a good approximation as long as the diffusion is slow and we are
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near to the beginning of the process. In case of an increased rate this is
no longer the case, then we have to use more sophisticated models, and
estimate based upon these models. In the next section we will describe
the types of models we use, and after that we will explore a number of
techniques for estimating the parameters more accurately.

5. Modelling the Spread of Euros with Markov Chains

Following the grand total of 64.9 billion euro coins in some mathe-
matical model is impossible. It is also useless: the movement of a single
coin shows the same (type of) behaviour as any other coin, although this
may depend on the country of origin and denomination. Therefore we
may concentrate on a single coin and follow it in a probabilistic manner
its way around Europe. From this we can then draw conclusions for the
entire population of euro coins.

The movement of some arbitrary coin can be followed by a Markov
chain. The simplest Markov chain model has only two states but can
already be used to give a first simple model for the movement of coins.
We will describe this model in detail, discuss its shortcomings, and deal
in less detail with more sophisticated models.

5.1. Two-state model**. In the simplest model we have two
states: a coin can either be in Holland or abroad. We denote these
states with H and A. We neglect wastage, and do not distinguish be-
tween coins in active circulation and saved coins. We also assume that
the net rate of coins into the Netherlands is equal to the net rate out.
Let d be the rate at which diffusion occurs: this means the percentage of
coins in Holland that is replaced by coins from abroad after one month.
Note that it is not the rate at which non-Dutch coins arrive: foreign
coins in Holland may go abroad again, and Dutch coins abroad may
be taken back to Holland! As we can assume that the net flow equals
0, we know that (on average) every coin going abroad is replaced by a
coin coming from abroad. Thus having d percent of foreign coins in the
Netherlands after 1 month corresponds to there being a probability of d
that an arbitrary coin “goes” abroad and doesn’t return in one month.
Thus pga, the probability of a transition from H to A in the 2-state
Markov chain, is d and, assuming an active circulation of 1.6 GC in
the Netherlands, the flow out in one month is 1.6d GC. As the flow in
equal the flow out, we find pag = %, with AC A the active circulation
abroad. Assuming that the active circulation abroad is the proportion
of coins in active circulation in the Netherlands multiplied by the total
number of coins abroad, we see that ACA = %61.6 = 29.9 GC. Using
this we find that if d = 0.04 (see section 3) then pap = 0.00214. Now
that we know the transition probabilities we can start our computation.
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Let @ be the transition matriz:
o 1-— PHA PHA o 0.96 0.04
@=\"par  1-pan )=\ 000214 0.99786 |

The matrix () should be interpreted as follows: The first row shows
where a coin, initially in Holland, will be after 1 month. The first entry
shows the probability that it will be in Holland, the second entry that it
will be abroad. The second row corresponds to a coin originating from
abroad. Again, the number on the diagonal, ()92, is the probability that
the coin is abroad after 1 month; the left hand element is the probability
that the coin is in Holland. Multiplying @@ with itself gives numbers with
the same interpretation, but for a 2-month period, and, similarly, Q"
gives the transition probabilities for n months. For example lets look

at what happens after 15 months. Computation, with d = 0.04, shows
that

@ = 0.02639 0.97361

Thus, 15 months with a diffusion at the rate of January will lead to 45%
of Dutch coins being abroad. They are replaced by foreign coins, and
thus there are 45% foreign coins in the Netherlands. coins.)

We expect that the speed of diffusion is temporarily increased by
the summer holidays and the February skiing holidays. Assume that 2
out 3 people go on holidays during summer to another country which
uses the euro. As 15% of all coin are in our wallets, this will result
in 10% diffusion. At a 4% diffusion rate, this is the equivalent of 2.5
months. Together with the effect of the skiing holidays we assume that
the combined holidays count for 3 to 4 months. Thus the situation by
the end of the year is equivalent to 15 to 16 months at rate 0.04. To
conclude, we expect that the percentage of foreign coins will be 50%
somewhere in the first months of 2003.

15 ( 0.54841 0.45159 )

5.2. Savings*. We can model the effects due to people saving in a
similar way. We now have another state - the piggy-bank - from which
coins are released only after a long time. To compensate for this the
Dutch National Bank puts new (Dutch) euros into circulation until the
piggy-banks are full. Simulations show that this slows the diffusion of
coins, for two reasons. The first is the addition of Dutch euros and the
second is that the piggy-banks act as a reserve of Dutch euros which are
released later into the money flow.

5.3. Refinements*. The simple model has (0.05085,0.94915) as
equilibrium, which is is not realistic as wastage is ignored. Wastage
leads to shortages of coins that lead to the production of new coins.
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These new coins are then (presumably) released in the home country,
leading to a slightly higher percentage of national coins in each country.

In the simple model all countries are aggregated in a single state,
however it is to be expected that diffusion occurs faster with certain
countries than with other countries. A model with multiple states rep-
resenting different countries could make predictions on the diffusion of
other coins.

Finally, a regional approach, splitting countries up in regions, can
be followed. This would be of particular value if we want to use the
data from the Euro Diffusion web-site to the full. In this case we could
use a model that has all of the regions (or groups of the regions) used
by the web-site, to estimate how quickly coins move around inside the
Netherlands and Belgium.

As also mentioned in Section 5.1, seasonal variations will have non-
negligible effects on the transition to an equilibrium. It may be almost
impossible to insert these variations into the model in a realistic way.

6. Markov Chains and Continuous Models**

In the last section we used Markov Chains to model the movement of
coins around. Each coin jumped around independently with the proba-
bilities given in the matrix ). For example, the chance that a coin that
was in the Netherlands moves outside it after one month is 0.04. How-
ever if we have a very large number of coins, as we do, roughly 4 per cent
of the coins that are the Netherlands will move outside of it. Although
each coin chooses to move or not independently of the other coins, there
is a mathematical theorem, the Law of Large Numbers, which tells us
that the actual proportion of coins moving will be very close to 4 per
cent. Therefore if we assume a continuous model, in which ezactly 4 per
cent of the coins move from the Netherlands to somewhere else, we will
be close to the truth. In fact the error in the model will be roughly a
constant divided by the square root of the number of coins, which re-
ally is very small. Therefore in Sections 7 and 8 we consider continuous
models.

7. Parameter estimation based on data from multiple
months**

Suppose we have a matrix Q, like that in Section 5.1, which tells us
how coins move about. The entry in the th row and jth column tells us
what proportion of coins from region ¢ move to region j in one month.
In the example in section 5.1 we had just two regions, the Netherlands
(region 1) and the rest of the world (region 2), but we could instead have
a model with more regions. If we wanted to make the most possible use
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of the data from the Euro Diffusion web-site we might end up having
70 regions, more than 60 parts of the Netherlands and Belgium and the
other 10 countries. We might also want to have regions representing
areas outside of Europe, or the piggy-banks (saving pots) of people in
different countries, or even the place where all of the lost money goes.
Suppose we have r of these regions and give each region a number from
1 to 7. This makes Q an r X r matrix, with 72 entries, none of which we
know. We want to estimate Q using the data we have from the web-site.

Suppose that we consider m types of coin. These could be the 12
nationalities, in which case m would be twelve, or we could decide to
group some nationalities together as in Section 5.1 in which we had two
types, Dutch coins (type 1) and all others (type 2). We label each type
with a number from 1 to m. We know or can find out in which region(s)
each type of coin begins, on 1st January 2001. For example in Section 5.1
we knew that all of the Dutch coins began in the Netherlands while all
of the non-Dutch coins began in the rest of the world. So for each type
of coin we can make a vector, b, which tells us where those coins are.
In the example we have b(1) = (1,0) which says that of the 1st type
of coins (the Dutch ones) all are in region 1(the Netherlands) and none
are in region 2 (the rest of the world), and b(2) = (0, 1) which says that
of the 2nd type of coins (the non-Dutch ones) none are in region 1 (the
Netherlands) and all are in region 2 (the rest of the world). We then
have m of these vectors b(1),b(2),b(3),... ,b(m) (one for each type of
coin) and each will have r entries.

We also have some measurements from the web-site. We call the
number of measurements of coin type c¢ in region i after t months n(c, 1, t).
Suppose we measure the number of coins of each type in each region ev-
ery month for s months. In the next sections we will discuss a number
of possible estimation techniques.

Unfortunately all of these estimates inevitably run the risk of signif-
icant errors, due to the issues discussed in Section 3.

kK k

7.1. Maximum Likelihood Estimation™*. A common method
in this type of problem is called mazimum likelihood estimation. To use
this we first write down the probability that we would see the measure-
ments we have seen if we knew what Q was. If we had samples from all
of the regions this turns out to be

p(@) = [T TI VGt T](((e)@))mesd

t=11=1

N(it) = ( m . n(c,i,t) )

n(1l,4,t)n(2,4,t) - - - n(m,1,1)

where
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a multinomial coefficient. What we then do is find the matrix Q which
maximises this probability.

This does look horrible, but fortunately we don’t have to worry about
N(i,t). It is possible to show that the value of Q that maximises this
probability also maximises:

S m T
A(Q) = [TTTTT((e)@") .
t=1c=1i=1
There are two things we do have to keep in mind when we do this. The
entries of (Q are proportions and are therefore all larger than or equal to
zero. The entry in the ith row and jth column tells us what proportion
of coins from region ¢ move to region j, so if we sum all the entries is a
row we should get the proportion of coins that go anywhere or stay in
the same country, i.e. 1.
In formulas we need to

maximise H H H((b(C)Qt)i)n(C:i,t)

t=1c=114=1

T
subject to Q(7,7) > 0, for all 4 and j, and Z Q(i,7) =1 for all ¢
j=1
Generally this is a horrible problem which isn’t easy to solve using
mathematics and so we will turn to computers to do this numerically.
This will typically be hard and slow.

7.2. An Iterative Approach™*. The “true” proportion of coins
of type c in region i after ¢t months is (b(c)Q?);. A logical estimate for
this is

m
(24) pileyi) = n(e,iyt)) 3 n(dyiyb),
d=1
i.e. the proportion of coins of type ¢ that we see in region 7 after ¢
months.

One of the problems that we have with the estimation is that we do
not have measurements from every region. If we did we could estimate
the row vector b(c)Q! by the row vector (ps(c, 1) p(c, 2) pi(c,3) ... pi(c,T)).
Notice that if we stack up the row vectors b(c)Q! we get,

b(1)Q! 1 0 0 - 0
b0 0 1 0 - 0
. 0 0 1 0

— Qt:Qt
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Therefore the matrix,

pe(1,1)  pe(1,2)  pe(1,3) pe(1,7)

p(2,1)  pe(2,2)  pe(2,3) pt(2,7)
Mt =

pe(m, 1) pi(m,2) pi(m,3) --- pi(m,r)

this would give us a good estimate for !, and we could find an estimate
for @ by taking this matrix to the power of (1/¢). We could then combine
the estimates from each timestep to give a final estimate for @,

Lt
S M
t=1

One way we can deal with this missing data is to use an iterative al-
gorithm. We begin with a guess for @), call it Qg, and gradually improve
this. We begin with j (a counter) set to 0.

Step One: Let pi(c,i) = (b(c)Qz-)i for all coin types and each of the
regions ¢ that we do not have data from.

Step Two: For each ¢, form M; using Equation 24 for the regions we
have data from and the estimates from Step One for the regions
where we do not have data.

Step Three: Increase j by 1, let Q; = %Zi:l Mtl/t, and go to Step
One.

This should converge to a reasonable estimate for (), in a reasonable
amount of time.

7.3. An Example**. To illustrate the methods above we will ap-
ply them to a three state model, in which we take the Netherlands (region
1), Belgium (region 2) and everywhere else (region 3) as our regions. We
also consider three types of euro coin, Dutch (type 1), Belgian (type 2)
and the others (type 3). Therefore b(1) = (1,0,0), b(2) = (0,1,0) and
b(3) = (0,0,1), as all of the coins begin in their respective countries.
For the maximum likelihood we consider two measurements, that of 1st
February and that of 1st March. For the iterative approach we also
consider 1st April.
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The data we have from the Euro Diffusion web-site is that:
n(1,1,1) =0.908 n(1,2,1) = 0.041

n(2,1,1) = 0.023 n(2,2,1) = 0.888
n(3,1,1) = 0.069 n(3,2,1) = 0.071
n(1,1,2) = 0.871 n(1,2,2) = 0.06

n(2,1,2) = 0.031 n(2,2,2) = 0.807
n(3,1,2) = 0.098 n(3,2,2) = 0.133
n(3,1,2) = 0.098 n(3,2,2) = 0.133
n(1,1,3) = 0.823 n(1,2,3) = 0.064
n(2,1,3) = 0.045 n(2,2,3) = 0.807
n(3,1,3) = 0.132 n(3,2,3) = 0.129

Maximum Likelihood

In this case we don’t have measurements for the numbers of coins
outside the Netherlands and Belgium. Therefore for the maximum like-
lihood we need to

maximise H H H (©)Q")) n(es:t)

subject to Q(i,7) > 0,for all 4 and j, and Z Q(i,7) =1 for all 5
=1
If we write this out, filling in the values we know and writing
q11 q12 413
Q=1 91 92 g3 |,
q31 ¢32 ¢33
this becomes the problem of maximising,

qO 908q0 041q01023q02888q0 069(Q112 + qrogo1 + q13q31)1.742 %

(q12921 + @21922 + CI23Q31)0'03 qg2071(Q11Q12 + q12q922 + Q13CI32)0'06><

(Q12Q21 + qgQ + (J23Q32)0' (q11q31 + q13q932 + q31q33)0.098x
(QIQQ31 + g22q32 + q32q33)0'133

T
subject to g;; > 0,for all 7 and j, and Z gij = 1 for all 4
=1
This really hard, even for a computer, but a preliminary numerical
investigation suggests that this is maximised by a matrix close to:

0.975 0.025 0
0.02 098 0
0.4 06 0

The Iterative Approach
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The iterative approach is easily programmed and the estimates con-
verge quickly to:

0.924326 0.0172391 0.0584345
0.0309947 0.903493 0.0655122
0.0578321 0.065527  0.876641

8. A Continuous Model for Euro Movement**

Coins of neighbouring countries mix at boundary cities. Coins of
various origins mix with each other at tourist places, at airports, in
highway restaurants, gasoline stations etc. This is a typical continuous
diffusion phenomenon like the mixing of different gases or the spread
of smoke or fragrance. The process of continuous diffusion frequently
occurs naturally and plays an important role in many applications. The
main cause for diffusion is gradient profile, i.e. different concentrations
in different places. The coefficient of diffusion (denoted by D) is the
measure of the continuous diffusion.

In the long-time limit, and in the absence of sources (which we think
is quite a good approximation), it is clear coins of different origins will
have roughly the same proportion everywhere within the euro-zone. The
natural question to ask is, over what timescale is this going to happen?

In our problem we may be able to use the country-of-origin break-
down of euro coins (which are identical for practical purposes) to deduce
information on coin transport (and hence certain aspects of people’s
economic behaviour) which would be very difficult to measure by other
means.

8.1. Model**. In this section we seek to design a continuous model
which, with the least amount of complexity, will best fit the available
data (the first three months of 2002) and will make useful predictions of
its future behaviour.

As the basis of this model, we shall make the assumption that people
are indifferent to origin of coin, i.e., they treat coins of different countries
equally. Also, in view of observation 1 in Section 3.1, we shall consider
a fixed denomination, say, one euro, in our model.

In this model, we consider two different processes that contribute
to the dispersal of coins. The first process is a local one, which arises
from people carrying out their daily activities: going to the market, the
bank, restaurants, etc. We model this by a diffusion equation, with a
diffusion constant D(z,t). The second process is inherently non-local,
arising from medium- and long-distance travels. We model this process,
a priori, by an integral term. In addition to these, we also need to
include sources (bank issues) and losses.
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We note that, in reality, there is likely a continuous spectrum of “coin
transport scales”; nevertheless, for conceptual purposes and modelling
feasibility, we assume that there is a “separation of scale” between local
and non-local processes.

Let m(™(z,t) denote the (normalised; see below) density of 1-euro
coins of country n at location = at time ¢, where x € 2 = euro-land and
where we take 2002 January 1 to be t = 0. A general governing equation
for m(™(z,t) then reads

(25)
am(n) (z,1) = f(n) (z,t) —v(z) - m(™ (z,1)
+ V- (D(z,t)Vm(™ (z,1)) —I—/ K(z,z,t) m™ (z,t) dz.
Q

Here the terms are

f™)(z,t) = source density such as bank,

v(z) = rate of loss of coins, assumed independent of ¢,

D(z,t) = diffusion coefficient,

K(z,z,t) = integral kernel for non-local transport.
We note that if the loss term v(z) is independent of z and ¢, it can
be dropped provided that one rescale: m(™ (z,t) — e~“*m(™(z,t), this
being irrelevant if one only considers the ratios (such as percentages) of
coins.

Let e(z) denote the population density at point z, assumed to be
constant in time. To a very reasonable approximation, we may take the
initial conditions to be

(26) ™ (3. 0) = {e(:v) x is in .country n
0 otherwise.

The possibility (not considered further here) that the coin/population
ratio may vary by country can be taken care of by normalising e(z) to
account for this factor.

Let us now construct a general model for the integral kernel K (z, z, t).
As before, we assume that long-distance travel does not change the pop-
ulation density e(z). Let p(z, z,t) be the probability that an inhabitant
of z visits z. Then the integrand K (z,z,t)m{™(z,t) in (25) can be
modelled as,

K(z,2,t)m™(z,t) = eo(z)p(z, 2, t)e(z)[m™ (z,1) — m™ (z,1)]

27
@) + e0(2)p(z, 7, t)e(z)[m™ (2, 1) — m™ (z,1)].
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Here the first term corresponds to residents of x travelling to z and the
second to residents of z travelling to x; € is a numerical coefficient re-
lated to the number of coins people carry on long-distance trips. To
simplify this further, we may assume (somewhat unrealistically) that
“tourists” of different origins are distributed equally among all popu-
lar destinations; this would allow us to write p(z,t) on the first line,
measuring how popular z is, and p(z,t) on the second.

In what follows, we take D(z,t) to be inversely proportional to the
population density e(z), which is effectively constant over the timescales
considered here. The reason for this is that people tend to travel farther
to the “local shop” in sparsely populated areas than in urban centres,
and, assuming that city and rural shops have equal number of customers,
this distance is proportional to e(z)~'/2. Thus,

(28) D(x,t) = Do/e(z),

where the constant Dy is to be determined from a fit with the observed
data.

Instead of the full integral kernel K(z,z,t) in (25), we shall model
the non-local effects by “connecting” a small number (10 in this work)
of “major airports”; by this we mean to account for all types of long-
distance travels, not only by air. We denote each airport by L; C €,
having a fixed area ¢ (one element in the numerical model below). For
each airport L;, we assign the number of people served by it, p(L;),
and we assume that the number of passengers travelling from airport
L; to L; is a constant ¢’ times p(L;)p(L;). The coin transport due to
this process can then be modelled by adding the following term to (25)
above: For z* € L; and 2" € L; # L;,

(29)
a7, ") = 5LZ/ p() (=) [ (=", 0) — m (o, 1)] dz*

where the constant ¢ (which like Dy is to be determined from a fit with
the data) is related to ¢’. The value of ¢ is irrelevant if it is sufficiently
small; one can take the limit § — 0 if desired.

Since the population density data is readily accessible (e.g., from a
school atlas), our model so far only has two parameters, Dy and ¢, that
need to be determined. Noting that we can scale time by Dy, as far
as the qualitative behaviour of our model so far is concerned, only one
parameter matters: the ratio €/Dy.

The model can also be easily modified (by changing the diffusion
constant) to investigate the economic importance of national borders,
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e.g, whether people living close to the border are more or less likely to
cross the border to shop.

8.2. Numerics and Fit**. We ran numerical simulations of a “fi-
nite-element” version of the model described above, consisting of 100
cells, each representing 3 million people, which are connected in a rough

approximation to the actual geography. The variables are mgn), with

n € {NL, BE, DE, ---} and 4 = 1,---,100. The diffusion term V -
(Dye(z)Vm™ (x,t)) is approximated for cell i by aDg 3 j (mg-n) — mgn))
where j ranges over the neighbouring cells and « is a numerical constant.

Due to the discreteness of the numerical model, the long-time limits
of Dutch and Belgian coins are 5% and 4%, respectively. Turning to the
Figure 2 below, let us first consider the percentage of Dutch coins in the
Netherlands (dotted line, right scale) in the diffusion-only scenario. As
may be expected, the fraction of the local coins decrease monotonically
over time towards its long-time equilibrium; this is also true for the
airport-assisted cases (with faster decay rate) not shown here.

Next, we consider the percentages of Belgian coins in the Netherlands
for three values of £/Dy: 0 (solid line, left scale), 3 x 10~ (long dashed
line) and 0.1 (short dashed line). In all of these cases we see that the
fraction of Belgian coins first increases before decaying to its long-time
limit, with the “overshoot” being greater in the absence of long-distance
travel. These are both to be expected, intuitively, due to the proximity
of Belgium to the Netherlands.

To actually determine which of these qualitative curves best describe
the reality, as well as to determine the actual timescales, we need to
turn to the observed data. This turns out to be quite problematic, as
we mentioned in Section 3, and for the above plot we have made a very
tentative estimate for the timescale (in years).

This leaves us with several possibilities: First, assuming that our
data accurately reflects the actual distribution of coins, the source terms
over the timescale concerned may be important; this scenario can pre-
sumably be easily resolved by a simple check with the central banks.
Second and still assuming the accuracy of our data, we may be forced to
consider processes other than the mixing of coins, as no mixing model
(regardless of the details) would produce an increase in the fraction of
local coins; this possibility is difficult and, in our opinion, unappeal-
ing. Finally, the fluctuating tendencies may be caused by systematic
bias in the data collection procedure; this possibility, too, is difficult to
establish.
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FIGURE 2. Percentages of Dutch and Belgian coins in the
Netherlands (see text for details)

In roughly a year half our wallet will be filled with foreign coins!

9. Conclusions*
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