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This report describes progress made during MPI 2000 on the problem presented by
Pat Hagan, then from Numerix, namely to devise fast, accurate methods to determine the
value of options on baskets as well as the correct associated hedges. The method employed
is a perturbation procedure based on a small velatility assumption.

This report is organized as follows: In Section 2 we give some background on the
derivation of a Black-Scholes type equation for the value of options on baskets; in Section 3
a general perturbation expansion is introduced based on a small parameter messuring
volatility; in Section 4 the method is applied to European call and put options, and to
other options that can be easily treated following those two vanilla options; Section 5 treats
digital options; in Section 6 barrier options are discussed: numerical simulation results
based on the general expansion procedure are presented in Section 7, as well as comparison
of the caleulations based on the expansion procedure with numerical calculations for the
case of 1, 2 and 3 assets in the basket: and finally, Section 8 presents some conclusions and

directions for further research.




We wish to derive g deterministic eguation for the price of an option on a2 baske?
(collection) of n assets. It is assumed that each of the asset (usually stock) prices 5y
follows a geometric Brownian motion with drift coefficient [p and variance parameter
{volatility) ¢y. {Here oy is considered known and it will be shown that the value of [z will
be irrelevant in our analysis.} Thus

dSe = RSy df + o35Sy dWy, 2.1

where dW) is a Wiener process.

Since we are considering assets priced in other currencies, we must also consider the
foreign exchange rate Ag. defined as the number of units of a base currency (subscript
zero) per unit of currency k, which is modeled in the same way as the asset price:

dAy = v Ay dt + bp Ay dZ, (2.2)

where 2 is a Wiener process. Again vy is unknown and oy is considered known. Clearly
these variables may be correlated. Therefore, we define the correlations as follows, which
are simply rules of thumb:

dWi, dZy = o dt, dW;; dW, = ik dr. (2.3)

Clearly p;; = 1. Note that we have assumed that the foreign exchange rates are indepen-
dent of one another. This assumption can be relaxed.

We now wish to determine the underlying probability distribution for S;. We present
some heuristic arguments; more details may be found in [1]. We note from (2.3) that dW;
and dZy are roughly O(+v/dt). Therefore, we have that

af af 18%f
df = ——d?-é——afé;-dsk-l- 2352 dSdek"‘—O(di)
af a5 18%f
df = Bt dt 4 e 550 a5y + 5552 552 (oS {orSik) dWy dWi + o(dt) (2.4a)
5f oS 9% L7 , ..
( -+ ,&;cSk + =3 ke 35’2} di + —(,E{Tgsk dWy, (2.4b)

for any function f(5¢.1). Now let f =log Si. Then {2.4b) becomes
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Thus, log 5 follows a normal distribution with standard deviation vio and mean [ —
o?/2. Hence, we call the probability U;;Str:butz@ﬁ that 5; follows the aamomaz d” tribution.

We denote the price of a Buropean ap*{mg %aiheé inthe baae currency; by ©. Consider
& portfolio = composed of one option and “short " {that is, owing} Ar units of asset k and
g% umits of cutrency k for each of the n assets in the basket. At any time £, the value of

this portfolio (in base currency) is
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w(S(8), 1) = #(8.1) — > (MSied

where we use bold face o indicate a vector (hence S is the vector of the Si). Note that
in the above the value of the portfolic and the cption do not depend on A explicitly. This
fact can be verified, but we do not do so here.

We next wish to find the change dr in the value of the portfolic during the next instant
dt in time. By extending the result in (2.4a) to multiple variables, we immediately obtain

af of _ ,
df = - dt+ 55, dSy + ;Z aa @ 5 p{ko»jsjgksg dt +oldt),  (2.6)
for any function f(8.t). Here the p;r term arises from (2.3). Using (2.6} repeatedly
(sometimes using A; instead of S; as the independent variable}, we see that in the next df
the value of the portfolio changes by

1 e 0% -
[ = e ] - Sy df — A )
d ngk Sy 2;;55 55, 51038055, 1;< xSk +qr) dAk
k3 7L
- Z A Ap d5r — Z A0 SEbr Ak pr dt — cost of borrowing, (2.7a)

k=1 k=1

where the next-to-last term arises from the last term in (2.6), except now we are taking a
mixed partial (the only second derivative that survives) with respect to S; and A;. The
cost of borrowing is given by

cost of borrowing = Z grArTi dt, (2.7b)
k=1

where 7, is the risk-free interest rate for currency k. Combining equations (2.7) 7}, we obtain

<5y

dt
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Equation (2.8) is stochastic only because of the last two terms. However, we note that
the number of units A; and the amount of currency g are of our disposal and hence can

%

be chosen to be anyt hing. ’Ehe;eﬁore we choose
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to zero out the stochastic terms (i.2., to eliminate risk). This technique is called dynamic

L-hedging, since it requires that we continually add and subtract shares and currencies

from our portfolio depending on 57/95;. We note that we have now made an error, since

in the above analysis we assumed that both gx and A, were constant, not functions of time.

This is the Black-Scholes error, but merely adds lower-order corrections to the terms above.
Substituting (2.9) into {2.5) and {2.8), we obtain

w8, 1) = 9(8, 1), (2.10a}
which implies the net contribution in value to the portfolic from the hedge positions is

zero. {Note this is different from the standard Black-Scholes case.) Taking the change in
value over a small time frame d¢, we obtain

) [a& ol e 823 , Z. e 1 \
dr = | e +3 ZZ ijijSjG;;&g RS ZS;CQ?";C — Gkbkﬁkjé}skj dt.  {2.10b)

E_ = =1 k=1 7 & w1l

We now assume that the market is arbitrage-free: that is, no one can set up a situation
where he or she can glways make money without risk. Thus, dr must be exactly the same
whether we buy an option or whether we invest the money at the risk-free rate ro of the
base currency. Therefore, using this fact and in {2.10), we obtain

noon - i — ?
g-ﬁ‘?} 1 8% o7
rdt =roldt = | o+ 2 3D mema Pik0iSi0kSk + O (Tk — Oxbror)Sp e | At
T‘Q’Tdt T’g’?}di {51: + 5 s L 85};8&’%&% TRk k=1(?’A Ok kpfc) fsask
. (2.11)
us,
% 1 g 0% K ) .
- g E e ] ¢ R % P ; f Taxl s
(2.12)

where £, is the ezercise dafe at which the option will pay off. For the purposes of this
report, we assume that by, [ix. Ok, Osk. Ck. and vy are independent of £

onm the Feynman-Kac theorem [2], [3], it can be shown that the solution 7(#) of
(2.12) is the following expected value:



under the probability distribution given by
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dSy = (ri — opbipr ) Sk dt + o1 Sy WL, {
(2.

d% dW, = £ dt,
where dW), is Brownian motion. Thus, the value of the option given by the sclution of (2 (2.12
is simply ﬂ"se discounted expected value in a2 world in which the probability di 31‘19&@“0113
evolve according to (2.13), instead of the real-world probabilities (2.1). This “new” world
is known as the risk-neutral world, and apart from the discount factor, the option price is a
martingale in this world. This is a reflection of the fundamental theorem of arbitrage-free
pricing.
We now perform several substitutions to simplify (2.12). First. due to the similarities
between (2.1) and {2.13b), we define the new parameter u, as follows:

prg =Tk — Trbr ok {2.14)

Note that in contrast to [k, ux is a known quantity, as each of its component parts are
known. Also, i is not the true drift coefficient for the asset price. It is simply the drift
coefficient for a new random process that causes the option price to behave as a martingale.

Next, conditions in the financial problem are given at f.., which is a final condition.
This is fine, as {2.12) is a backwards heat equation. However, for simplicity, we introduce
the time to expiry, 7, and the future value, v, as follows:

T8, 1) = e T u(S, 7}, T = toy — L. (2.15)
Substituting {2.15} into (2.12), we obtain
Z#ﬁ: T ZO}S Zpﬂﬁakok &y 7 € [0, fex ). (2.16)
P 38,05 '

We construct a basket of the assets, giving each a weight 1wy, in the basket. Therefore,
the value S of the basket is given by
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S = iwk&c.
k=1

The option pays off depending on how 8 compares with K, the strike price, which in simple
options is where the option begins to pay off. Note that the strike price is for the enfire
basket. Therefore, V depends on the asset price only through the combination wS,. We
also note that (2.16) is squidimensional in S, 50 such a substitution may be made without
difficulty. In addition, we wish to get rid of the drift term. so we let

w8, 1) = Vix,7), xp = e w5
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Here z; s a weighted future price of the asset. Substituting (2.18) into ( 2.16), we obtain

AV 1 & i v o
== T5T; % FiRCET - {2.19;
gr 2 Lew 7T P Gz, 0z, ’
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Note that this substitution eliminates the drift term from the equation by eliminati
growth vate of each of the individual asset prices.

We now proceed to the small vol limit by assuming that sach of the volatilities is
small. Combining terms for simplicity, we let

DU Ty = ézzjk, g = O(}} O0<el, (22@,

('This is equivalent to looking at a short-time limit.} Thus (2.19) becomes
U oV -
5= ?;zj;zjk%%@xjﬁxk’ (2.21)

and to leading order we see that the value of the option will not change. This makes sense,
as low volatility implies that the basket price will not change much from its value now to
its value at expiry (the exercise date).

However, (2.21) is a diffusion equation, and hence we see that any discontinuities in
V(x,0) or its derivatives must be smoothed in a layer about the point of discontinuity, In
many cases, this discontinuity occurs at the strike price K. We note from {2.18) that at

expiry 7 =0,
TE
5 = E Zj.
i=1

Therefore, we introduce the following transformation:

- 1<

Vi, =Vix, (7). (= — - K | (2.22

(x,7) (=, ¢, 7), 5 P ;Eg (2.22)
Note from (2.22) that technically we have added another degree of freedom, since we have
not replaced any variables. If we replaced x;, say, with ¢, we would have to write x; in
terms of K| the other z;, and (. To eliminate this algebraic complexity, we simply add
the variable { and keep § = K + O(e) as a constraint.
Substituting (2.22) into (2.21), we obtain

8V 1< - & a d %)

—_— = = 5 ZikTk | gz te— | — 4+e— | V. 2.23

ar 22?};9“ 8¢ " 8z, )\ " Bz (2.28)
Lastly, we consider the boundary and initial conditions. First, we must match to the cuter
solution:

Vix, ~oc,7) = V(5§ = K™,r), Vix,00,7) = V(8 = K7, 7). (2.24a)

For our initial condition, we note by our assumption that V must vary on the { scale
initally, so we have

)

.24b)}
where p is the payoff function that describes what the investor will receive as a function
of the asset prices.
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weral Perturbati

ecti

We now introduce a perturbation expansion in V:

X
V(xfggcf“;f}:Zejﬁf}{xfg,'r}. (3.1
;=0

Substituting (3.1) into {2.23) and expanding to leading three orders, we oblain

BVot+ei+eVa) 15~ % o, 202 Vo -
o+l ):Eszszkxk<”7+€éz> <EZ+6W>(V0+€V1+EQV2>-

Working initially with the O(1) equation, we obtain
Ve o8V

or 2 8

TL
{Eﬂg xj

j=1

= LV, =0, (3.28)

NE

25Tk (3.2b)

T
i

P
i

We note from {3.2) that x enters into the equation only through the coefficent «, and
hence our solution depends on x only parametrically. In other words, to leading order the
value of the option behaves like the value of the option on a single asset, whose price s
the weighted average of the prices of all assets in the basket. In addition, we note that we
could eliminate o from (3.2a) simply by scaling 7. Therefore, V; can depend on 7 only
through the combination T, so we have that

— = 7 .
Jed I

(3.3)

Vo = Vo(¢, aT) == o

Proceeding to the O(e) equation, we obtain

BV, adVi 1= ¢ 8 8\ vy
5r 2 8 ”“fé;xj;zjm(azf@zk) 5¢

where the right-hand side term arises from the cross-terms in the derivatives. Since Vp
depends on x only through o, we may rewrite the above as

e * H i s s [ay s
a3 gﬁ%; . H T j{ O dox C?QE/@
5 TR TR TR Xy szkgki@ -“é‘“ﬂ YT,
1 2 ¢ £ et \ GL; drp ; Gool
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We solve the above by means of a clever trick. We note that if Vg satisfies (3.2a), so does
any derivative of V. Therefore, motivated by the form of the right-hand Siée we assumne
a solution of the following form:

] Vg -
Vip = f1{7) 5o (3.5)
Substituting (3.5) into (3.4a), we obtai
L3, OV Rz
1=+ HL = 2
S OraC T oOTdC 6?5!’
fi =27
fHilr)= ~7? 4 constant

oV A o

S 3. Vo .

ij}",pig; T} = 51”@{,—7 {363

where we have taken the constant equal to zerc because this yields a homogeneous solu-
tion. Note that the a-dependence is not as simple as in (3.3}, and that V; depends on x
parametrically through both o and .

Lastly, we turn to the O{e?) equation:
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LV = 5 Zaz} Z~;k$k@;k
=1
vy (0 8\ 8V
Cge = ﬁxj:::;c N \ Oz N dzy / G¢
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At this stage we make a further sirplification which NEED NOT WORK IN EVERY
CASE. but which works for most of the exarmples we consider here. (A case which may
fai] appears in section 6.} We assume that no homogeneous solution is needed for V5, so
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V, = V4 . Using this fact, {3.2a), (3.3), and (8.6, in (3.7}, we obtain
0 72 {f' Ga\ [ Da Ve 7 8Pa Vo [ Ba  Fo o
Wik = T3 L H iy 5 - 5 YT -+ PR =
’ o? \ Oz, / Bz ) 0T o Bz;01p O7 \dz; Oxp /) Badrd(*

T e [ do 8V 7 BPa VW 9y [ Ba | Go\ 8V
T o L\\fﬁ;r::,) K@x;{/ drz | o dz;fzy 7 o l\é"r’ Bz ) O3
L2t oy Oy N BV,
g o (@2’33 | ﬁwk) 3’;"2
Ve 5 0° Vo Vs
f.:i/’? = 4;@3’;" @’TB T 3@2’3’ 8‘2’2 -+ 2@17"%:;" (38)
1 = 5o
L= : T e (3.9a;
Q= jmi% ;ngxkaxjawk, (3.92)
1 — - 1/ 8a) / do Oy By
e AN S s = 2l (3.9b)
@ Gor Z%zzjkmk Lo <5$) <§Ek} <@:z:- 3%}1 ‘ (3.90)
F=1 b= 7 7 -
Ti T 7
v Jo Jdo y ~®
= e ; = wr e [y = —, 3.92)
%= g m L (5 22 = o = (3.9¢)
Simplification of all these parameters is performed in Appendix A.
Substituting (3.9¢) into (3.8}, we obtain
= = — i e . 3 2 — . !
T3 Er o T e T @7 (3:10)
Using the same technique as in (3.5) and (3.8), we easily obtain that
~2 8%V 8%V gV
N A S 3 0 29V ;

Though at this stage we have not introduced boundary conditions, we do wish to make
4 brief remark. If we examine equation {2.21) for the outer solution V, we see that if we
expand V in a series as in (3.1), the first correction will come at O{e?). Therefore, special
care must be taken when matching V2 if we have a solution where V3 # 0. {This will not
occur in this manuscript, but should be mentioned.)

We note that once we have obtained our solution, the A-hedges A, and gx needed at
each stage may be calculated from {2.9).

Perturbing Parameiers

Though a perturbation solution of the form described by (3.2a), (3.6}, and {3.11)

would solve the problem, it would not be in the most convenient form. The forms of the
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expressions lead us to believe that Gaussian distributions, their integrals, and their deriva-
tives will be involved in our expressions. E aluating them in each of the three solutions
over multiple time and spatial steps (to establish hedges) would be time-consuming. There-
fore. what we would like 1o do is establish an equivalent sclution via a renormalization as
follows:

I

7 | \1t f - e ! 2 Ny Faps £ b
slComa)+eVi( o)+ Voll mia) =Wl Mot e +¢ cg) + O (3.12)

g

In other words, we replace the perturbation series in V with a perturbation series in o.
Here we have suppressed the dependence of Vi and V3 on v and the ¢J;. If we can

solve for the «;, then we need perform only one Gaussian computation, while performing

simple multiplies to obtain the perturbed parameter. The perturbed parameter can then

be interpreted in terms of various approximations made in the problem (see section 4).
To solve for the &y, we equate like powers of &

VolC.omia) + eVi{(,ma) + Vel m o) = V{{.m0) + 6&1%(@?;&}
5; (7o) + €2;% ?;;;ﬂ (C.ra) + O
Dropping the arguments for simplicity, we obtain
o =V, @%) o (3.132)

Since we would like to obtain such parameter dependence no matter the initial con-
dition, at this stage we try to establish formulas for the o, in the general case. Therefore,
we must solve (3.2a) subject to a general initial condition, given by (2.24b):

Vo(¢,0) = p(¢), (3.14)

where we now assume (as will often be the case) that p depends on x only through (. The
solution to this problem is well-known [4]; it is given by

wg/r[/-‘__ _ 3' = I {Cmgl}z d 7
ol¢,7) = o | p{() exp Sy e
- f p(CK () de (3.15a)
Koty = S0 (3.15b)
o T

where G(u'} is the Gaussian distribution, given by
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Using the general differentiation formula (B.4) from Appendix B, we obtain

Vo _ 70V _ 7 [T oK (u) [ S AT A N ,
S e T JETAN 7 'im———-——— /'E_&T %Kﬁ'z\;a
ol &“mgﬁiw 54 %wimp@/ 2| 75 ) Kl dc
1 If s %,’\ ) .
:_&j—w?(%f)ﬁz ﬁ\t,{{ "dcC (3.17a)
62?{} o o §2K{%f)
Ve :"‘T oy {"\ s d i
=TT e T j/:%p S
2 ¢
s C - i ,;CK,U’
. Lﬁ“{ ; 2&7) \/"/
81 /!W’ziw = uf\
=y (CVHs | —= K d, (3.17b)
4%1;2&];%?@’ S(ﬁ/ SRS ( )

where H;{-) is the jth Hermite polynomial.
There is no simple relationship between equations (3.17), and thus this computation
must be done on a case-by-case basis.
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Figure 4.1. Call option payoff.

We begin with the simple case of 2 European call option. Here the pavof is viven by
i Y < o

o, S< K,

S~K S>K. (4.1)

polx) =[5~ K|" =

‘Therefore, we have a discontinuity in the first derivative at § = K. Rewriting the payof
function in the (-coordinates, we have

\ PPEER 0, ¢<0,
= |7 = : ’ 23
?C(g} 1€g) {5{, ¢ > 0. {4“"‘/
We note that this behavior will give rise to a corner layer, so we let
L/:?*Fl(g:’r) = CJ(CT) J > 0, (43}

where the C denotes the call option. Thus Vj = 0 and Cp{¢,0) = [(]T, as shown in Figure
4.1,
Substituting p({’) = I'l* into (3.15), we obtain

oo g; o0/ C \

3 ¥ N - z -f
Col¢,7) = gwmc;/ﬁﬁx—aﬂ@m<
& ;

o var Jor
= Glu' Y —du')y ~ Jor [ W C{u Y ~du, (4.4a)
/ ,
= 14 < 4
¢
% = /wm (4,40}
T



Continuing to simplify (4.4a). we obtain

ColC.ry = N w) — Var | WG du, (4.58)
o
P [ 1 T .
Nuy= | Gyde=1- el (—,—: P (4.5b)
J s 2 NGy,
Note from (4.5b) that
Ny = Glu). (4.8a)

To complete our solution, we need the following identity:
G'{u) = —uGlu), (4.6b)
which is easily verified from (3.16a). Substituting (4.6b) into (4.5a), we obtain

Col.7) = (N () + Vor [G(u)] 2,
ot fuN (u) + Q(U)i {4.7)

To calculate €y and O, we need the following derivatives:

8C 1 Ja, . . . \ d {/ ¢
e e 2 e {0y 4 Glat + . -+ — Ve | —ee
e _,}vf_;uﬂf\u; - Glu)] = VarN(u) + uGlu) — uGlu)] I~ AW

- 3y [E + o) - 2ovamN ) = 34/ 200

K{u)
_ okl (4.8)
2
Once we have the form in {4.8), then using (B.4), it is trivial to celculate the following
derivatives:
&Cy odK) of Klu) u ! G(u)
ardc 2 8¢ 21 2ar V21T 2r/2
*Co  adK(u) _ oKy u
52 =3 & 8 2 (ﬁ) : (4-102)
FCy  adl) aK(u) u
ars 2 872 3272 Hy <”§/§\) ‘ (4.10b)

Substituting (4.9) into (3.6), we obtain

g = L I () T (5 )
78 2/2 2/ VG vﬁj

,-»ﬁw%y : N

= Glu). {4.11)
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Parametler Perturbations

1o find the correct perturbation for the parameters, we use 7-derivatives in {3.13a):
B L

—1 I = -1
o= 2 (0CN T _mou,, o G)]Th
ALY T ar 2 Glu) ;LZ Jor | ruver

where we have used (4.8) and (4.11). The usefulness of this functional dependence will
become apparent later. Note that with this dependence, however, we may need to be more
careful about calculating hedges using the perturbed-parameter approach.

Equation (4.13) has a nice interpretation in terms of the “shadow costs” . In particular,
we would expect that the perturbation could be interpreted as

T
Jov
Cpew = & -+ Z F{dﬁ:j} {éié}
— JIy4
j=1 7

where (dz;) is some average movement in z,. But substituting (A.3a} into (4.13), we
obtain

i=1 j=1 *J
_ i [ 8 | 8«
ﬁjzl’_ 2a777 | dx;
(dey) = - 5=2;8, (4.15)

where §; is defined in Appendix A. Note that in the above, ¢ is just the deviation of the
basket price from the strike price.
Continuing to next order, we use r-derivatives in (3.13b):

5
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Expanding the Hermite polynomials and combining terms, we obtain
25y + 3 Qa(v? ~ 1 1
N 3 g 3 i H i e e
ag{ggma;’r\ T }~§- (,) }—}-Qlj. (4.17)

Note that the u* terms in the bracketed expression in (4.16) canceled out. They must
have canceled, or else our correction would have been O(2(%) = O{e™?x) as we exited the

boundary layer.

Bullish Spread Options

Next we consider the bullish spread option, which has a payoff of the following form:

{, S < K,
pr(x)=4{ S~ K, K<<5<H-ae (4.18}
L ae, S > K + ae,

where we denote the spread option by K. Rewriting the payoff function in the (-coordi-
nates, we have

0, <0,
pr({) = {&i, 0<(<a, (4.19)
ag, (> a.

RO(Cr O)

1.4
1.2
!
0.8
061
0.47

0.2-

T T 5s 04 9 02040608 1 1214 ¢

Figure 4.2. Bullish spread option payofl.
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The graph is shown in Figure 4.2. However, we note from the graph that

pr{C) = pcl() ~ poll — a) (4.20)
Thus we have that
R 7ix) = Cl(,mix) = C{C - o, 75%), (4.21)

and hence we may use (4.7), (4.11), and (4.12} to obtain a perturbation expansion for R,
Equation (4.21) has 2 nice financial interpretation. In a spread option, vou are betting
that the market will go up, but not too far up. This saves money on the option. Equation
{4.21) indicates that purchasing 2 spread is equivalent to purchasing a call option with
strike price K, but then selling a call option with strike price X + ae¢. This second call is
essentially a bet that the value of the basket will not rise above K + ge.

The parameter perturbation is slightly more subtle. Since our expressions for the
perturbations oy and oy depend on (, we see that we must perturb each term in {4.21)
individually. Thus we obtain ’

R(C,mix) = Col¢, mateon (O +efan () = ColC—a, 7 atea ({—a)+etas((—a)). (4.22)

Other Options

“ﬁﬂ{gt{}}

27
1.84
164
1.47
1.24

I
0.87
0.6
0.44

= 3 o” B ES
Figure 4.3. Put option payoff.

We conclude this section with a brief description of other options. A put option has
a payoff which is the mirror image of the call option about § = X Therefore, we have

£<0, /

oot = (e = —<C, 23
p?\gj E_ "g_? {@, {: ~ %} {@,..,3‘;
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Figure 4.4. Bearish spread option payoff.

where we denote the put option by P. A graph of the payoff is shown in Figure 4.3. Since
the governing equations have symmetry about the (-axis, we have

P, 7)=C(—(7) (4.24)

Using {4.24), we can construct a perturbation expansion or perturbed-parameter expression

for P.
Similarly, the bearish spread option has a pavoff which is the mirror image of the

bullish spread option about 5 = K. Therefore, we have

ce, { < —a
pr(l) = { ~e(, —a<(<U, (4.25)
0, (>0,

where we denote the bearish spread option by F. A graph of the payoff is shown in Figure

4.4. Hence
P, 7)) = R(—¢(. 7). (4.26)
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Figure 5.1. Digital call option payoff.

We next consider a digital call option, which pays only a fixed value. Here the payoff

is given by
{E‘. 5 < -g{ R
e ={ 5% 5.)

which of course is a step function. Here we assume that the payoff value is 1. But since the
problem is linear, it is a simple matter of scaling to obtain the case with general payoff.
Therefore, we have a discontinuity in the function itself at § = K. Rewriting the payoff
function in the (-coordinates, we have

&

@ ={7 55 (52)

which is shown in Figure 5.1.
Due to the underlying linearity of our equations, we have that since

dpc
Epp = ————
ro ac
we must have that -
{}5 ;
eD((,7) = =, (5.3
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where E} iz the price of the digital option.
Using (5.3}, we have that
oC,, -
Dy = —. (5.4}
a¢
Thus, from (4.7} we obtain
e N
agog o
DylC.1) = = /TN mwdgizz:muyw;§w , ]
5@ d’f oy a7/
= N{u}. (5.5)

In addition. we may use (B.4), (4.9). and (4.10) to obtain the needed expressions for s
and Dg

8Dy _ 8°Cy Gy 7 u N Gl oy _uGlu)
Br  ar9C  2v2 <x '2/) To2rV2 i\“'\/ﬁ) 2

Dy aB*K(u) cu’i(u)

i R Y e <~¢

8Dy a@gﬁg’\u} _ aiC(u}

- e = (7

{5.6a)

52D _ gﬁsz{u) Q}C(u) (ﬂﬁ} - () H?_ (__‘3_4’:_\3 (57
grd¢ 2 8¢? 4ot V2 47 V2
Substituting {5.7) into (3.6}, we obtain
)Wﬂwégg_"f’”{{ > [ u
L OTd( 4 \Var i\\/5
2 ’ T
ZVZT +( %) ~2}gw>mviffggw?mz» (538)

Substituting (5.6) into {3.11}, we obtain

e = Lot [ (2] s e [ e ()]

u o\ | u
T>JI {87 2o E
+ @7 [?Cau)\/c? ]

P2 Yy, @ ]
T &Lléawﬁﬁs(\/—> Taa <W>+Qlu o

For later purposes, it will be more convenient to write this term as a single polynomial.
Expanding the Hermite functions, we obtain

.
oIt
Sl

S

2
e = '—3»5";' + 6y — 401,

2
&
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Parameter Perturbations

Now we attempt to do the same sort of parameter perturbation as in section 4. Using
{5.6a) in (3.13a), we obtain

; [ r -1
SN 5/ }f} — ﬁ/gR%E ,ﬂ"&/ 2 1 ] %giw}‘}}
Qe = — | "g;‘} - ‘y;a?ﬂ =) s{ Py _;'
~/aT !
T ., 7 . |
= ! (1—u%). (5.10)
U

But now we have 2 problem: ¢y vanishes when £ = 0. Why does this happen? From
(5.6a), we see that
9D,
ER
Hence we are dividing by zero. This occurs because the digital call is symmetric about
{ =0, always fixed at the value Dp(0.7) = 1/2.
Thus, we must be more clever. We replace (3.12) by the following:

(0,7) = Tﬁﬁ@(@ )= 0.

DolC,ma) +eDi{(,mi0) + 2 Dy( mia) = Dol + €1, Ti v + ey + €2 a). (5.11)
We assumne that (; = 0, and verify this below. Expanding (5.11), we obtain
dD4 ab 82D
Do +el + 62}32 = Dy + eqx; — Fer C g 2&9 38{6 + €2a;§; 5&52
52(_!% @2}:}(} + 4,~2 8219{}
2 Po? 2 OC¢
&11 aDg 8D@ .
D1 - N { EE
| = + = aC 7 (5.123)
QpT Cz 2\ 8Dy o (GT 2Dy oEr? 82Dy
Dy = + é . 5.12b
? < o 2 a> or o 81OC 202 Or? ( )
Thus we will need the following term:
oD 1
=2 =G ) = ——G(u). (5.13)

B Jar

‘We begin by solving {5.12a). To do so, we use (5.6a) and (5.13):

= roq 7

YT 3 P U B | pon

-y /=i~ u) = oy | ——Gui G e E

3y 30~ #I00) = e [~50t)] + @ | =)
2V et v 2a | JJar
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Previocusly, %’:f’ﬁe ﬁéafﬁz"ge#z terms occurred because we divided the constant term {in uj on
the left by he right. Now we avoid this problem by letting the {; term match

the constant

- ‘4
Fod ! L1
Z2 1/ [84 5/ 7
G =——% (5.14a)
2
which implies that
’“1’?_52 [F;}:w (iza
2 \/ o Zex
oy = —uyoar = —vC. (5.14b)

Note that (in this formulation) the o here agrees with (4. 13). This similarity is what led
us to guess that the general case could always be done and try the analysis in section Z.
The (; term implies a drift of origin due to the fact that we are approximating a
basket of stocks as a single stock.
Next we solve (5.12b), using (5.6b), (5.7), (5.8), and (5.14):

/CenT N 2 2\ [_ ug(u

2 ,{22 2 Y
= . 17¢ [, 20 Du)+ e {_ alC(u) Hg{
N

o | da / ] J+ " Grac

"f’ T ug{%ﬁ . _ fzu“’“ Q(u) §/ (7 \}

(e ) 52 m/ Dy gmﬁﬂ (75)

2D, / 'w“? Gluy ’yg(u) /—M _E
Tt ) T e VAt Y

- Do s w‘—m (%)

m—,

2D, =

!

T vir A viulr, ,
= — e — e — 1) - =3
wGlw) (ai 4 > + W e =)
2 2,4 r 2.4 8
yér yEysT 200 |ur FEu |
= - (5 2 - 3} = - = -+ 05” 2 Vi
T2 1
— Z ; :i.....{’e z — — —— 2\ § g
9 §Lg (5u” —3) (@4 }j (5.15)

Note that in this case we essentially had two degrees of freedom, as we could have intro-
duced (5. However, since we can obtain a nonsingular parameter perturbation with (o = 0.

we 4o 8

5]
& m
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0.6
0.4+

0.2

e = g -'; %
Figure 5.2. Digital put option payoff.

Other Options

As In the previous section, we can relate the digifal put option to the digital call by
just reflecting about the line § = K. Therefore, we have

1, (<0,
{ == 4 b ; {‘?-';
pL\g) {G: {;- > {}7 \O i@)

where we denote the digital put option by L. A graph of the payoff is shown in Figure 5.2.
Since the governing equations have symmetry about the (-axis, we have

L, 7y = D{—C, 7). (5.17}

Using (5.17), we may construct a perturbation expansion or perturbed-parameter expres-
gion for L.



vection

We next consider a simple model for a “down-and-oui” barrier call. In such a system,
if S falls below a certain value K — ye for any 7, then the option becomes worthless.
Therefore, we have the following boundary condition:

B{§=K —ye,1)=0, {6.1a)

where the B stands for barrier option. Note that the domain for the problem is now

n

§> K —ye = Ze““j"acj > K — ye. (6.1b)

This type of option is cheaper than a standard call option because if the asset price falls
below K — ye, then rises again, the option still cannot be exercised. However, for the
option to be significantly cheaper, the barrier must be close {at least in volatility terms)
to the strike price, since wide swings in asset prices are unlikely.

We note from (6.1b) that if we change to the (-coordinate system, we will have a
boundary that moves in time. Therefore, we make the assumption that gy is small. This
is & reasonable assumption, since interest rates vary slowly. We let u; = Ly; @le), where
é{e) = o(1). Thus (6.1b) becomes, to leading orders,

ki3 T
Z%‘ - K > —ye+ ZMO;{%@(@T
J=1 j=1
o(e)T -
> -y~ fj fho S Zﬂ(}j%- {(6.2)
G=1

We note from (6.2) that we have several cases. If ¢(¢) > O(e), then the slowly-varying
lirnit is not appropriate. If ¢(e) == ¢, then we still have an undesitable time-dependent

boundary. Therefore, we desire ¢{e) = ofe), and for simplicity we take ¢(e) = 2, so the
domalin is given by
> —y + per,
and {(6.1a) becomes
B{{ = —y+per,7) =0 (6.3

Since we will work in (-space from now on, we will drop the { inside the bhoundary condition.
Here the payoff is given by

g, H—y< 8 <K,

R P RS T
ps(x) =15 — & "{5-5{: S K,



which becomes

I
o ; Y < < ‘3 .
op{(} =7 = N (6.4;
F%f Q
and again we have
Vai1{(;7) = Bal(.7). m> 0, (6.5)

where the B denoctes the barrier option. In addition, we now have the following boundary

conditions:

Bl—y+per,7) =10
9Bs,
Bo(~y.7) + per—— 5( ~y.7)+ Bi{-y,7) =0
Bo(—=y. 7y =10 {€.6a)
_ o8B
Bi(~y,7)= —m—g‘%_ys}. (6.6b)
Bol¢.0)
-2
-1
: NS
-6 5 <4 -3 -2 ~1 Gy 2
-1
/’ -

Figure 6.1. Barrier option payoff (solid line) and extension {dotted line).

The payoff is given by the solid line in Figure 6.1. We note that the payoff is the same
as the call, except that we have the zero boundary condition (6.6a) on By. Therefore, we

may extend the problem in an odd way about ( = —y, as shown by the dotted line in
Figure 6.1. Thus, by the method of images we have that
Bo(¢,m) = Co((,7) — Co{~({ + 2y), 7). (6.7)

However, this trick will not work at the next order due to the boundary condition (6.6b).
Substituting (6.7) intc (6.6b) and using (5.5}, we obtain

r:—-“\}wm TE§CQ< = H i z
Y. 7)o Zé’}{ .7 é«ggi ¥,

By

—

e,
o
[0}

oy
= —2pr N | e } .
!‘\ ﬁ_r/C{"}" 7

rs
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The solution for B, thus involves the following steps. First, we substitute our solution
for By into (3.6) in order to find a particular solution for By. Then i this solution does
not satisfy (6.8}, we must introduce & :&3{}""1058?18{3&5 sgiution to the problem. This is the
example to which we alluded after (3.7



&

We now compare our asymptotic results to numerical simulations of {(2.23}. The
boundary conditions used were for a standard call option. A finite-difference scheme was
used, second-order in space, and first-order backward Euler in time, with an implicit scheme
for time advancing. At each new time level, the boundary conditions on the edge of the
domain are obtained from an explicit time-stepping scheme.

The numerical simulations were run in varicus dimensions. with ¢ = (.1 and Zik = Gip.

We begin by examining the one-dimensional case. Here the spatial domain is taken
to be z € [0, 1], with the strike price K = 5/9.

Figure 7.1. Cy ws. z. Purple line: £ = 0. Red line: 7 = 1/2.

First, we plot the first three terms in our asymptotic expansion for C. Figure 7.1
shows a graph of Cp vs. z for t = 0 and ¢ = 1/2. Figure 7.2 shows a graph of C vs. z for
t=1/2 and t = 2. The y-axis here is scaled by a factor of 300. Figure 7.3 shows a graph
of C1 vs. z for ¢ = 1/2 and ¢ = 2. The y-axis here is scaled by a factor of 1000.

Next we compare the numerical and asymptotic schemes. The tirne step is set at
At = 0.02 and four separate runs were performed with different values of Ax. We denote
the calculation with Az = 1/29719 as “level 7.7

Figures 7.4-7.6 show the convergence of the finite-difference solution to the first three
orders of the perturbation solution as Az decreases. Here f = 1 /2 and the plotting z-range
has been truncated to [0.4,0.7]. In each graph, the top curve is the perturbation solution.

For completeness, we present some multidimensional numerical results. In two dimen-
sions, the domain was taken to be [0,1] x [0, 1], the weights were taken to be wy = 1,
wy = 1, and the strike price was taken to be X = 5/9. Figure 7.7 shows a graph of the
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O, {scaled by 300)

Figure 7.2. (1 vs. ©. Red line: 7= 1/2. Purple line: ¢ = 2.

Oy (scaled by 1000)

T
Figure 7.3. Co vs. z. Red line: t = 1/2. Purple line: ¢ = 2.

solution for ¢ = 1/2 with Af = 0.02 and bz =1 /9. The graph is shown in red, the grid is
shown in green, and the initial condition {barely visible near the strike price) is shown in
blue.

In three dimensions, the domain was taken to be [0, 1] x [0, 1] X [0, 1], the weights were
taken to be wy = 1, we = 1, wy = 1, and the strike price was taken to be K = 5/9. Again
we take t = 1/2 with Af = 0.02 and Az = 1/9. Since the full three-dimensional solution
cannot be displayed, Figures 7.8 and 7.9 show the solution for fixed values of z3. Again,
the graph is shown in red, the grid is shown in green, and the initial condition (barely
visible near the strike price) is shown in blue.
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Figure 7.4. Asymptotic (purple} and computational {red) solution, ¢ = 1/2, Az = 1/0.

Figure 7.5. Asymptotic (purple) and computational (red) solution, ¢t = 1/2, Axr = 1/18.
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e 5

Figure 7.7. Two-dimensional numerical solution, ¢ = 1/2.
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Figure 7.9. Slice of three-dimensional numerical solution, { = 1/2, z3 == 0.

e
jou)

et

]

L




A fast accurate method was developed to calculate approximate values of some com-
mon options on a basket, based on a general perturbation procedure and renormalization,
under the assumption of small volatility of the asset prices. The form of the pavofl func-
tion is relevant to the applicability of this method, and the case of Asian options, for
example, canmot be treated without some modification. The results from some simpie
numerical calculations not only show the accuracy of the asymptotic method, but also
how unwieldy calculations of the full system become as the number of assets in the basket
increases. Future research may consider the case of Asian options, and American call and
put options.



in the manuscript, boldface or the arrow notation indicates a vector where the cormn-
ponenets are the italic letters with subscript £. The equation number where a particular

guantity

A

a:

b:
B, 1)
C(¢, )
D, )
dW:
a4
F(¢, )

£.
I

(Gl

R{¢,

€ o m R O

|

e TSR
B

- -

R N

P
Wy
[l S

first appears is listed, if appropriate.

foreign exchange rate for currency & {2.2).
top of pavoff range for spread option (4.18)

volatility for foreign exchange A, (2.2).

vaiue of barrier option (6.1a).

value of call option {4.3).

value of digital option (5.3).

Wiener process for asset price 5 (2.1).

Wiener process for foreign exchange rate Ay (2.2).
value of bearish spread option (4.26).

arbitrary function, variously defined.

Gaussian (normal) probability density function {3.15b).

-3: Hermite polynomial (3.17a).

indexing variable.
indexing variable.
diffusion kernel (3.15a).
strike price for option.
indexing variable.
diffusion operator {3.2a}.

: value of digital put option {5.17).

matrix whose jkth entry is z;, (A.la).

: (aussian probability mass (cumulative normal) function {4.5a).

number of options in basket {2.5).

: value of put option (4.24).
-): payoff function for option (2.24b).

constant, variously defined.

units of currency & in portfolio (2.5).

value of spread option (4.21).

risk-free rate of return (2.7b).

asset or basket price (2.1).

Laplace transform variable {B.1).

time from option sale (2.1).

similarity variable for diffusion equation (3.15a).
outer solution for discounted option price (2.18).
immer solution for discounted option price {2.22).

: vaiue of option at thme ¢ {2.5).
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-): discounted value of option at time 7 {2.15).

. weight of asset k in basket (2.15).

. weighted future price of stock & {2.18).

. negative of the barrier value in the (-coordinate system (6.1},

the integers.

- scaled correlation parameter {2.20).

parameter, value x Mx (3.2a).

. parameter, value {Mx); (4.15}.

parameter {3.4a).

- Kronecker deita function.

small dimensionless parameter (2.20).
scaled variable about strike price (2.22).

: units of asset k in portfolio (2.5).

: unknown drift rate for asset k (2.1).

. known adapted “drift rate” for martingale distribution, value ry — oxbror (2.14).
. drift rate for currency rate Ay (2.2).

. portfolio value (2.5).

correlation parameter {2.3].

. volatility for asset k (2.1).

time variable measured backwards from the exercise date (2.15).

Other Notation

a subscript on p, used to indicate a barrier option (6.4).

a subscript on p, used to indicate a call option (4.1}.

a subscript on p, used to indicate a digital option {5.1).

a subscript on p, used to indicate a bearish spread option (4.25).
a subscript, used to indicate the exercise date (2.12).

a subscript on p, used to indicate a bearish spread option (5.16).
a subscript on o, used to indicate a perturbed parameter (4.14).
a subscript on p, used to indicate a put option (4.23).

as a subscript, used to indicate a particular solution (3.5).

as 5 subscript on p, used to indicate a bullish spread option {4.18).

: used to indicate the Laplace transform (B.1).

used to indicate a dummy variable (3.15a).

T max{-, 0} (4.1).
. as a subscript, used to index over assets (2.1}, currency rates (2.2}, to indicate

an expansion in € {3.1), or simply to keep track of different parameters (3.9).



We begin by simplifving «, We note that if we define the B™™™ correlation matrix A7
() o " 1)

by
M = {z;). (Alla)
then (3.2b) may be written in the more compact notation
o = x Mx. : (A.1Db)

Here M is positive definite. Unfortunately, this seerns as far as the vector notation will

get us.
Next we simplify v. We begin by deriving an expression for the partial derivative:

Ba ZZ §($z$k _ ZZW% ik zebi) = 22%%

i=1 k==l =i k=1

where &;; is the Kronecker delta and in the last eguation we have used the symmetry of
M. The last sum comes up often, so we define it as a new quantity:

T

Bi= znrk e 3= Mx, (A.2a)
k=1
Ja
R 2
o, 3 (A.2b)

Since we are summing over both j and &, each of the partial derivatives in (3.4b) gets
counted twice, once as a particular j value and once as a particular k value. Thus, we may

rewrite (3.4b) as

1 7%
:%Z; 365: Z"J’m" 2a Z ", (4.32)
s
= ézxjﬁjﬁj = ézxj 7, (A.3b)
=1 j=1

where we have used (A.2). Unfortunately, there doesn’t seem to be an easy way to rewrite

this in vector notation.
Next we compute (1, first computing an intermediate expression:

8 - 8z, =
= EZﬁjig—mz' = zz;gjz'éék = 2zjk
FE (£}

@Ejiﬁk

ke k3

0, = % Sz S 2, (A.4)

o= k=l



we have used [

where v A
In order to com@&

AZ).
e {Js, we need the following derivative:

: 2 ks ~ P
Gy i 5{2 PR I
T ,é;,ifn J;’; - % T Bk
0z o Oz f:l km o it Oz,
/ 7 7 71
23? i 9\ H i
2 72 g2 4 = /
R I > GG+ = > zBrzn
& A% /} &= “ =
3. [ W
_ 2y i 2 Grzs A
==t ) TPk (A.5)
k=1

where we have used (A.2) and (A.3).
Substituting (A.2b) and (A.5) into (3.9b) and using the trick about summing twice,

we obtain

Ol e (28028 57}
Q2 = By ;xﬁ ;ijzk { %! %4@%

3042 er Z ZikTh gﬁ Br — 208;7v + 32 + 22%%,@3

k=1

sz {f@ﬂ

je=1

4?2 -,
— ___3_;_; L pwe) Z:ﬂ_}; {3; “+ 3zzjk$kz@j5k}
= 3{}:2 zz] {82 + 3Zé3k$k5k} {A6>

k=1

?
—2v8; + 5 mzz BZ%} «%Z,ﬂm,@ Bx

k==l

L i=1



We would like to calculate systematically the necessary derivatives to obtain V2 and
V5. To do so, we introduce the standard concept of a Laplace transform:

f{g s} = j[ e T (¢, ) dr, )= ji e‘wfgg: 5) ds, (B.1)

0
where C is the Bromwich contour. A useful transform pair for our work may be found in

(5], 29.3.87:
55 “ :
i-1)/2 N PR S — (- ) g, <)
8 €XP< C‘\/Q} Vi rritt exg)\ 2007 H; 2&7‘/}

(7—13/2 (o {G~13/2 .
2s . /25 24 Glu), [ u
<‘~> P <WS ‘\/5} = 20-1/203/2-175/2 &THj L2

o

25\ Um1/2 %5 o . u ,

— — — : S— g B B i3 o
( o ) e g%‘sf/ & /} = {Z2ar)i/? ), {\/§> ) B.2)

We note that in (3.152) there is no dependence of ¥, on { and 7 through p. Therefore,
we need only calculate the derivatives of IC, which we do using Laplace transforms. Using

the transform pair (B.2) with n = 0, we have that

(0~-13/2 e
f%(’(}}) s L (259-) exp <—§\/?—§}
o\ a o
SK s /2502 2s
37,]: (’U,) = g <_C:) exXp Mg —(—}T s

o=t /9 (2j-1}/2 /‘2?
T Ty (Q) e Bt

o

ke i=1 7 (2j+k—1)/2 5
u(u) = (ml)k& : 2 exp | —( bl (B.3)
(37‘33§k 27 o Py L /
Inverting (B.3}, we obtain
4k j-1 T _ :
Lﬁm{_z}k&‘. 2 g () ke,
arigck 2 |aryeRz ek \ 75 |1 1Y)
I By s
(—1)°K(u) [ u :
RV et ol DU . (B4}
(47)7 (2ar)R/27 78 §m/§> (B.4)
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